The Erdős-Hajnal Conjecture states that for every given H there exists a constant c(H) > 0 such that every graph G that does not contain H as an induced subgraph contains a clique or a stable set of size at least |V (G)| c(H) . The conjecture is still open. However some time ago its directed version was proved to be equivalent to the original one. In the directed version graphs are replaced by tournaments, and cliques and stable sets by transitive subtournaments. Both the directed and the undirected versions of the conjecture are known to be true for small graphs (or tournaments), and there are operations (the so-called substitution operations) allowing to build bigger graphs (or tournaments) for which the conjecture holds. In this paper we prove the conjecture for an infinite class of tournaments that is not obtained by such operations. We also show that the conjecture is satisfied by every tournament on at most 5 vertices.
Introduction
All graphs in this paper are finite and simple. Let G be an undirected graph. The vertex set of G is denoted by V (G), and the edge set by E(G). We write |G| to mean |V (G)|. Given X ⊆ V (G), we denote by G|X the subgraph of G induced by X, that is the graph with vertex set X, in which x, y ∈ X are adjacent if and only if they are adjacent in G. For an undirected graph H, we say that G is H-free if no induced subgraph of G is isomorphic to H. A clique in G is a subset of V (G) all of whose elements are pairwise adjacent, and a stable set in G is a subset of V (G) all of whose elements are pairwise non-adjacent. For a graph H and a vertex v ∈ V (H) we denote by H\v a graph obtained from H by deleting v and all edges of H that are: adjacent to v in the undirected setting and: adjacent to or from v in the directed setting.
The Erdős-Hajnal Conjecture is the following:
1.1 For every undirected graph H there exists a constant c(H) > 0 such that the following holds: every H-free graph G contains a clique or a stable set of size at least |G| c(H) .
This conjecture is still open. We say that an undirected graph H satisfies the Erdős-Hajnal Conjecture (or equivalently: has the Erdős-Hajnal property) if there exists c(H) > 0 such that every H-free graph G contains either a clique or a stable set of size at least |G| c(H) .
A version of 1.1 for some class of directed graphs was formulated in [2] . To state it, we need some definitions. A tournament is a directed graph T , where for every two vertices u, v exactly one of (u, v), (v, u) is an edge of T (that is, a directed edge). If (u, v) ∈ E(T ), we say that u is adjacent to v, and that v is adjacent from u. A tournament is transitive if it contains no directed cycle (equivalently, no directed cycle of length three). Let T be a tournament. We denote its vertex set by V (T ) and its edge set by E(T ), and write |T | for |V (T )|. We refer to |T | as the order of T . Given X ⊆ V (T ), the subtournament of T induced by X, denoted by T |X, is the tournament with vertex set X, such that for x, y ∈ X, (x, y) is a directed edge of T |X if and only if (x, y) ∈ E(T ). Given a tournament S, we say that T contains S if S is isomorphic to T |X for some X ⊆ V (T ). If T does not contains S, we say that T is S-free. The conjecture from [2] is the following.
1.2 For every tournament S there exists a constant c(S) > 0 such that the following holds: every S-free tournament T contains a transitive subtournament of order at least |T | c(S) .
It was also shown in [2] that 1.1 and 1.2 are equivalent to each other. We define what it means for a tournament to satisfy the Erdős-Hajnal Conjecture in a way similar to the that of undirected graphs. In other words, a tournament H satisfies the Erdős-Hajnal Conjecture if there exists c(H) > 0 such that every H-free tournament G contains a transitive set of size at least |G| c(H) .
Both the directed and the undirected versions of the conjecture are known to be true for small graphs (or tournaments). There is also an operation, called the substitution operation, allowing to build bigger graphs (or tournaments) satisfying the Erdős-Hajnal Conjecture from smaller ones. We will define now the substitution operation. Let H 1 , H 2 be two undirected graphs/tournaments with disjoint vertex sets. Assume that each H i has at least two vertices. Let w ∈ V (H 1 ). Then we say that H is obtained from H 1 by substituting H 2 for w if:
• H|(V (H 1 )\{w}) = H 1 \w and,
It was proved in [2] (Theorem 2.1) that if H 1 and H 2 both satisfy the Erdős-Hajnal Conjecture then so does H. The proof was presented for the undirected setting however its version for the directed setting is completely analogous and therefore we leave it to the reader.
Let T be a tournament, and let (v 1 , . . . , v |T | ) be an ordering of its vertices; denote this ordering by θ. We say that an edge (v j , v i ) of T is a backward edge under this ordering if i < j. The graph of backward edges under this ordering, denoted by B(T, θ), has vertex set V (T ), and v i v j ∈ E(B(T, θ)) if and only if (v i , v j ) or (v j , v i ) is a backward edge of T under the ordering θ.
For an integer t, we call the graph K 1,t a star. Let S be a star with vertex set {c, l 1 , . . . , l t }, where c is adjacent to l 1 , . . . , l t . We call c the center of the star, and l 1 , . . . , l t the leaves of the star. Note that in the case t = 1 we may choose arbitrarily any one of the two vertices to be the center of the star, and the other vertex is then considered to be the leaf.
A right star in B(T, θ) is an induced subgraph with vertex set {v i 0 , . . . , v it }, such that B(T, θ)|{v i 0 , . . . , v it } is a star with center v it , and i t > i 0 , . . . , i t−1 . In this case we also say that {v i 0 , . . . , v it } is a right star in T . A left star in B(T, θ) is an induced subgraph with vertex set {v i 0 , . . . , v it }, such that B(T, θ)|{v i 0 , . . . , v it } is a star with center v i 0 , and i 0 < i 1 , . . . , i t . In this case we also say that {v i 0 , . . . , v it } is a left star in T . Finally, a star in B(T, θ), is a left star or a right star.
A tournament T is a galaxy if there exists an ordering θ of its vertices such that every connected component of B(T, θ) is either a star or a singleton, and
• no center of a star appears in the ordering between two leaves of another star.
We call such an ordering a galaxy ordering of T . Let Σ 1 , . . . , Σ l be the non-singleton components of B(T, θ). We say that Σ 1 , . . . , Σ l are the stars of T under theta. If V (T ) = l i=1 V (Σ l ), we say that T is a regular galaxy. Our first result in this paper is the following:
Every galaxy H satisfies the Erdős-Hajnal Conjecture.
We denote by P k a tournament of order k whose vertices can be ordered so that the set of backward edges under this ordering is the set of edges joining consecutive vertices in the ordering. Thus formally, the vertices of P k can be enumerated as: v 1 , ..., v k such that the set of backward edges under this ordering is of the form:
As an interesting fact, we prove the following corollary:
1.4 For every k, the tournament P k satisfies the Erdős-Hajnal Conjecture.
Denote by C 5 the (unique) tournament on 5 vertices in which every vertex is adjacent to exactly two other vertices. One way to construct this tournament is with vertex set {0, 1, 2, 3, 4} and i is adjacent to i + 1 mod 5 and i + 2 mod 5.
Our second main result is:
1.5 The tournament C 5 satisfies the Erdős-Hajnal Conjecture.
As a corollary, using 1.5 and [3], we get 1.6 Every tournament on at most 5 vertices satisfies the Erdős-Hajnal Conjecture.
This paper is organized as follows:
• in Section 2 we present some definitions and technical lemmas used in the proofs of 1.3 and 1.5.
• in Section 3 we present most important ideas used in the proofs of main results of the paper without going deeply into technical details.
• in Section 4 we prove 1.3 and deduce 1.4.
• in Section 5 we prove 1.5.
• in Section 6 we prove 1.6.
Basic lemmas
In this section we prove a few lemmas used in the proofs of our main results. Let T be a tournament. We say that a vertex w is an outneighbor of a vertex v if (v, w) ∈ E(T ). Otherwise we say that it is an inneighbor of a vertex v. For disjoint subsets A, B of V (T ), we say that A is complete to B if every vertex of A is adjacent to every vertex of B. We say that A is complete from B if B is complete to A. Denote by tr(T ) the largest size of the transitive subtournament of T . For X ⊆ V (T ), write tr(X) for tr(T |X). Let X, Y ⊆ V (T ) be disjoint. Denote by e X,Y the number of directed edges (x, y), where x ∈ X and y ∈ Y . The directed density from X to Y is defined as d(X, Y ) = Consider a partition {V 0 , V 1 , ..., V k } of V (T ) in which one set V 0 has been singled out as an exceptional set. (This exceptional set V 0 may be empty). We call such a partition an -regular partition of T if it satisfies the following three conditions:
• all but at most k 2 of the pairs (V i , V j ) with 1 ≤ i < j ≤ k are -regular.
The following was proved in [1] :
2.1 For every > 0 and every m ≥ 1 there exists an integer DM = DM (m, ) such that every tournament of order at least m admits an -regular partition
The above lemma is a "tournament"-version of the celebrated Regularity Lemma proved by Endre Szeméredi and originally stated for undirected graphs ( [6] ). In the undirected setting we only need to change the definition of e X,Y which is now the number of edges between sets X and Y . The original version of the lemma is as follows:
2.2 For every > 0 and every m ≥ 1 there exists an integer DM = DM (m, ) such that every undirected graph of order at least m admits an -regular partition
We also need the following lemma:
2.3 For every natural number k and real number 0 < λ < 1 there exists 0 < η = η(k, λ) < 1 such that for every tournament H with vertex set {x 1 , ..., x k } and tournament T with vertex set 
. . , k}, such that the map x i → v i gives an isomorphism between H and the subtournament of T induced by {v 1 , ..., v k }.
The undirected version of the lemma above is another celebrated result, the so-called Embedding Lemma.
2.4
For every natural number k and real number 0 < λ < 1 there exists 0 < η = η(k, λ) < 1 such that for every undirected graph H with vertex set {x 1 , ..., x k } and undirected graph T with vertex set V (T ) = k i=1 V i , if the V i 's are disjoint sets, each of order at least one, and each pair
. . , k}, such that the map x i → v i gives an isomorphism between H and the subgraph of T induced by {v 1 , ..., v k }.
Its proof can be found in [4] . We will omit the proof of 2.3 since it is completely analogous to the proof of the Embedding Lemma.
We call a tournament T -critical for > 0 if tr(T ) < |T | but for every proper subtournament S of T we have: tr(S) ≥ |S| . Next we list some properties of -critical tournaments.
2.5
For every N > 0 there exists (N ) > 0 such that for every 0 < < (N ) every -critical tournament T satisfies |T | ≥ N .
Proof. Since every tournament contains a transitive subtournament of order 2 so it suffices to take (N ) = log N (2).
2.6
Let T be an -critical tournament with |T | = n and , c, f > 0 be constants such that < log c (1 − f ). Then for every A ⊆ V (T ) with |A| ≥ cn and every transitive subtournament G of T with |G| ≥ f · tr(T ) we have: A is not complete from V (G) and A is not complete to V (G).
Proof. Assume otherwise. Let A T be a transitive subtournament in T |A of size tr(A). Then |A T | ≥ (cn) . Now we can merge A T with G to obtain a transitive subtournament of size at least (cn) + f tr(T ). From the definition of tr(T ) we have (cn) + f tr(T ) ≤ tr(T ). So c n ≤ (1 − f )tr(T ), and in particular c n < (1 − f )n . But this contradicts the fact that < log c (1 − f ).
2.7
Let T be an -critical tournament with |T | = n and , c > 0 be constants such that < log c and vertices x 1 , ..., x k ∈ X and y 1 , ..., y k ∈ Y such that y i is adjacent to x i for i = 1, ..., k.
Proof. Assume otherwise. Write m = cn 2 . Consider the bipartite graph G with bipartition (X, Y ) where {x, y} ∈ E(G) if (y, x) ∈ V (T ). Then we know that G has no matching of size m. By König's Theorem (see [5] ) there exists C ⊆ V (G) with |C| < m, such that every edge of G has an end in C. 
. We can merge T 1 and T 2 to obtain bigger transitive tournament T 3 with |T 3 | ≥ 2( The next lemma is a starting point for all of our constructions. This is also the only step in the proof where we use 2.1. Note that in what follows we do not require for the pairs (A i , A j ) to be regular, and so even we do not need the full strength of 2.1.
2.8
Let H be a tournament, P > 0 be an integer and 0 < λ < 1 2 . Then there is an integer N such that for every tournament T not containing H with |T | ≥ N there exists a constant c > 0 and P pairwise disjoint subsets A 1 , A 2 , ..., A P of vertices of T satisfying:
Proof. Write |T | = n, |H| = h. Let R(t 1 , t 2 ) denote the smallest integer such that every graph of order at least R(t 1 , t 2 ) contains either a stable set of size t 1 or a clique of size t 2 (so R(t 1 , t 2 ) is simply a Ramsey number, see [5] ). Take k = R(2 P −1 , h). Take η = min( 1 2(k−1) , η 0 (h, λ)) (where η 0 is as in the statement of 2.3). Let u > 0 be the smallest integer such that:
2 holds for allû ≥ u. By 2.1 there exists an integer N > 0 such that every tournament T with |T | ≥ N admits an η-regular partition with at least u parts. Denote by DM the upper bound (from 2.1) on the number of parts of this partition. Denote the parts of the partition by: W 0 , W 1 , ..., W r , where u ≤ r ≤ DM and W 0 is the exceptional set. We have:
. . , W r } where there is an edge between two vertices if the pair (W i , W j ) is η-regular. Then, from the definition of u, we have:
So by Turan's theorem (see [5] ) it follows that G has a clique of size at least k. That means that there exist k parts of the partition, without loss of generality W 1 , ...W k , such that for all i, j ∈ {1, 2, ..., k}, i = j the pair (W i , W j ) is η-regular. We say that a pair (
Otherwise we say this pair is bad. Now consider the graphĜ with V (Ĝ) = {W 1 , ...W k }, where there is an edge between W i and W j for i, j ∈ {1, ..., k}, i = j if (W i , W j ) is a good pair. From the definition of k we know thatĜ contains a clique of size h or a stable set of size 2 P −1 . In other words, either
• there exist h parts of the partition, without loss of generality denote them
• there exist 2 P −1 parts of the partition, without loss of generality denote them W 1 , ...
Since T does not contain H and η ≤ η 0 , 2.3 implies that the former is impossible. Now defineT to be the tournament with V (T ) = {W 1 , ..., W 2 P −1 }, where an edge is directed from W i to W j if d(W i , W j ) > 1 − λ and from W j to W i otherwise. Using the fact that every tournament of order at least 2 P −1 contains a transitive subtournament of order at least P (see [7] ), we conclude thatT contains a transitive subtournament of order P . That means that there exist P parts of the partition, without loss of generality W 1 , ..., W P , such that d(W i , W j ) ≥ 1 − λ for i, j ∈ {1, 2, ..., P }, i < j. Note that each W i is of order at least The following is an easy but useful fact.
Let
Proof. Denote by B the set of edges directed from A 2 to A 1 . We have |B| ≤ λ|A 1 ||A 2 |. On the other hand
|Y | and the result follows. Next we refine 2.8 further.
2.10 Let 0 < λ < 1, c > 0, 0 < < log c 2 ( 1 2 ) be constants and P be a positive integer. Let T be an -critical tournament with |T | = n. Assume that A 1 , A 2 , ..., A P ⊆ V (T ) are pairwise disjoint sets of vertices such that d(A i , A j ) ≥ (1 − λ) for i, j ∈ {1, 2, ..., P }, i < j and |A i | ≥ cn for i ∈ {1, 2, ..., P }. Let v be a {0, 1}-vector of length P . Define I = {i : v i = 1}. Write I = {i 1 , i 2 , ...i r }, where i 1 < i 2 < ... < i r . Let Λ = (4P ) |I| λ. Then there exist transitive tournaments
2 tr(T ) for s ∈ {1, 2, ..., r} and for every T is * we have
The proof is by induction on |I|. For |I| = 0 the statement is obvious. DenoteÎ = {i 1 , ..., i r−1 }. Inductively, we may assume the existence of the sets T i 1 * , T i 2 * , ..., T i r−1 * as in the statement of the lemma. We will now describe the procedure of extracting from A ir several transitive subtournaments of substantial sizes. Since T is -critical, we deduce that tr(A ir ) ≥ |A ir | ≥ ( 
That completes induction since 4PΛ = (4P ) |I| λ = Λ.
Next we need one more definition. Let c > 0, 0 < λ < 1 be constants, and let w be a {0, 1}-vector of length |w|. Let T be a tournament with |T | = n. A sequence of disjoint subsets (S 1 , S 2 , ..., S |w| ) of V (T ) is a (c, λ, w)-structure if
• whenever w i = 0 we have |S i | ≥ cn
• whenever w i = 1 the set T |S i is transitive and
We now use 2.8 and 2.10 to prove the following:
2.11 Let S be a tournament, let w be a {0, 1}-vector, and let 0 < λ < 1 2 be a constant. Then there exist 0 , c 1 > 0 such that for every 0 < < 0 , every S-free -critical tournament contains a (c 1 , λ, w)-structure. Proof. Write n = |T | and w = (w 1 , . . . , w P ), where P > 0 is an integer. Define C = |{i : w i = 1}|. Let Λ = λ (4P ) C . By 2.5 we can choose 0 small enough such that |T | > N , where N is an integer from 2.8. Now it follows from 2.8 that there exist a constant c > 0 and sets A 1 , ..., A P such that |A i | ≥ cn for i ∈ {1, 2, ..., P } and d(A i , A j ) ≥ 1 − Λ for i, j ∈ {1, 2, ..., n}, i < j. We may assume that
. We now use 2.10 to complete the proof. Let U be a transitive tournament with V (U ) = {u 1 , u 2 , ..., u |U | }, where (u 1 , u 2 , ..., u |U | ) is a transitive ordering. An (m, c)-subdivision of U is defined as a sequence U c m = (U 1 , U 2 , ..., U m ), where .., u m , x such that x ∈ A, u i ∈ U i and u i is adjacent to x for i ∈ {1, 2, ..., m}. Similarly, there exist vertices w 1 , w 2 , ..., w m , d such that d ∈ A, w i ∈ U i and d is adjacent to w i for i ∈ {1, 2, ..., m}.
Proof. We will prove only the first statement because the latter can be proved analogously. Suppose no such u 1 , u 2 , ..., u m , x exist. That means that every a ∈ A is complete to U i for at least one i ∈ {1, 2, ..., m}. Therefore there exists i * ∈ {1, 2, ..., m} such that at least |A| m vertices of A are complete to U i * . But this contradicts 2.6 since T is -critical and < log c 1
We continue with more definitions related to (c, λ, w)-structures. Let (S 1 , S 2 , ..., S |w| ) be a (c, λ, w)-structure, let i ∈ {1, . . . , |w|}, and let v ∈ S i . We say that v is M -good with respect to the set S j if either j > i and d(S j , {v}) ≤ M λ or j < i and d({v}, S j ) ≤ M λ; and that v is M -good with respect to (S 1 , S 2 , ..., S |w| ) if it is M -good with respect to every S j for j ∈ {1, 2, ..., |w|}\{i}. Denote by S j,v the set of the vertices of S j adjacent from v for j > i and adjacent to v for j < i. Now, if v ∈ S i is M -good with respect to (S 1 , S 2 , ..., S |w| ) , then |S j,v | ≥ (1 − M λ)|S j | for all j = i. Next we list some easy facts about (c, λ, w)-structures. (S 1 , S 2 , . .., S |w| ) be a (c, λ, w)-structure. Then for every i, j ∈ {1, 2, ..., |w|}, i = j all but at most Proof. We may assume without loss of generality that i < j (for i ≥ j the proof is analogous). Denote by B ⊆ S i the set of the vertices of S i that are not M -good with respect to S j . From the definition of M -goodness we have d(B, S j ) < (1 − M λ). Therefore |B| ≤ 1 M |S i | because otherwise we get a contradiction to 2.9 taking X = B, Y = S j . (S 1 , S 2 , . .., S |w| ) be a (c, λ, w)-structure. Then for every i ∈ {1, 2, ..., |w|} all but at most |w| M |S i | of the vertices of S i are M -good with respect to (S 1 , S 2 , ..., S |w| ) . Proof. Denote by B j the subset of vertices of S i that are not M -good with respect to S j for j ∈ {1, 2, ..., |w|}\{i}. Denote by B the subset of vertices of S i that are not M -good with respect to (S 1 , S 2 , ..., S |w| ). We have: B = j =i B j . From 2.13 we know that

|B j | ≤ 1 M |S i |. Therefore we have: |B| ≤ |w| M |S i |.
An overview
The goal of this section is to present the reader an overview of the key techniques that will be used to derive main results of the paper. Full proofs will be given in the subsequent sections.
The proofs use the directed version of Szemerédi's Regularity Lemma. Given a galaxy H, we start with a regular partition of a H-free tournament. Using the directed version of the embedding lemma along with a few standard techniques which we will not describe here, we can find subsets V i 1 , . . . , V it (for an appropriately chosen constant t), such that d(V ip , V iq ) > .999 for every 1 ≤ p < q ≤ t. This means that for every 1 ≤ p < q ≤ t, vertices of V ip tend to be adjacent to a substantial proportion of the vertices of V iq . On the other hand, if a substantial subset of V ip is complete to a substantial subset of V iq , then we can apply induction to get a large transitive subtournament in T , and so we may assume that no such subsets exist. We now construct a copy of H in T , choosing at most one vertex from each of V i 1 , . . . , V it , and using the fact that for 1 ≤ p < q ≤ t no substantial subset of V ip is complete to a substantial subset of V iq to obtain the backward edges in the galaxy ordering of G, thus obtaining the result of 1.3.
Obviously, every tournament obtained from a transitive tournament by adding a vertex is a galaxy. It is not difficult to check that there is only one tournament on five vertices that is not a galaxy. Here it is: its vertex set is {v 1 , . . . , v 5 }, and v i v j is an edge if and only if (j −i) mod 5 ∈ {1, 2}. This is a tournament C 5 . We remark that C 5 is an example of a tournament that is obtained from a transitive tournament by adding two vertices, and that is not a galaxy.
The proof that a tournament C 5 has the Erdös-Hajnal property. uses similar ideas to the ones in the proof of 1.3, but now instead of one specific ordering of vertices, two are used. Theorem 1.3 and 1.5 together imply that every tournament on at most five vertices has the Erdös-Hajnal property. Another curious corollary of 1.3 is that P k has the Erdös-Hajnal property. This follows from the fact that, somewhat surprisingly, P k has a galaxy ordering.
Let H be a regular galaxy, and let (v 1 , . . . , v h ) be a galaxy ordering of V (H); denote this ordering by θ. Let Σ 1 , . . . , Σ l be the stars of H. For i ∈ {0, . . . , l} define H i = H| } for j ∈ {1, 2, ..., δ w (i r )}. For every v ∈ S j ir denote ξ(v) = (|{k < i r : w(i) = 0}| + k<ir:w(i)=1 δ w (k)) + j. For every v ∈ S ir such that w(i r ) = 0 denote ξ(v) = (|{k < i r : w(i) = 0}| + k<ir:w(i)=1 δ w (k)) + 1. We say that H is well-contained in (S 1 , S 2 , ..., S |w| ) that corresponds to H if there is a homomorphism f of H into T | |w| i=1 S i such that ξ(f (v j )) = j for every j ∈ {1, . . . , h}.
Our main goal in this section is to prove 1.3. We then deduce 1.4. Let us start with one more technical lemma.
4.1
Let H be a regular galaxy with |H| = h and let θ be its galaxy-ordering. Let Σ 1 , Σ 2 , ..., Σ l be the stars of H under θ. Let c > 0, 0 < λ ≤ 1 h 2 (2(h+1)) 2h+2 be constants, and w be a vector. Fix k ∈ {0, ..., l}. Let T be a tournament and let (S 1 , ..., S |w| ) be a (
Proof. Let h 1 , ..., h |H| be the vertices of H in order θ. Let Σ 1 , ..., Σ l be the stars of H under θ.
Write |T | = n. Taking k > 0 small enough we may assume that tr(T ) ≥ h(h+1) c by 2.5. The proof is by induction on k. For k = 0 the statement is obvious since H 0 is the empty tournament. Write M = 2h(h + 1),ĉ = c (2(h+1)) l−k ,λ = (2(h + 1)) 2(l−k) λ. By 2.14 we know that for every i ∈ {1, ..., |w|} every S i contains at least (1 − 1 2(h+1) )|S i | M -good vertices with respect to (S 1 , ..., S |w| ). We call this property the purity property of (S 1 , ..., S |w| ). Assume that h q 0 is the center of Σ k and h q 1 , ...h qp are its leaves for some integer p > 0. For i ∈ {0, . . . , p}, define D i to be the set of all vertices v of |w| j=1 S j with ξ(v) = q i that are M -good with respect to (S 1 , ..., S |w| ). From the purity property and the fact that tr(T ) ≥ h(h+1) c it follows that |D i | ≥ĉ 2(h+1) tr(T ) for i = {1, ..., p}, and |D 0 | ≥ĉ 2 n. We may assume that k < logĉ Therefore {d 0 , ..., d p } induces a copy of Σ k . Let x ∈ {1, ..., |w|} be such that d 0 ∈ S x . Now since (S 1 , ..., S |w| ) corresponds to H k and h q 1 ,...,hq p are leaves of the same star, we also know that there exists y ∈ {1, ..., |w|}\{x} so that d i ∈ S y for all i ∈ {1, ..., p}, and T |S y is a transitive tournament.
Let i ∈ {1, ..., |w|}\{x, y}. Denote S 
We call this ordering the cyclic ordering of C 5 , since under this ordering the set of backward edges forms a graph containing a cycle (a triangle plus an edge).
) and w = (0, 0, 1, 0, 0). Let (S 1 , ..., S 5 ) be a (c, λ, w)-structure of an -critical tournament T . Let s 1 ∈ S 1 , s 3 ∈ S 3 , s 5 ∈ S 5 . Assume that s 5 is adjacent to both s 1 and s 3 and s 3 is adjacent to s 1 . LetŜ 2 be the subset of the vertices of S 2 adjacent to s 3 , s 5 and from s 1 . LetŜ 4 be the subset of the vertices of S 4 adjacent to s 5 and from s 1 , s 3 . Assume that |Ŝ i | ≥ d|S i | for i ∈ {2, 4}. Then T contains a copy of C 5 .
Proof. By 2.7, and since T is -critical and < log dc 2 ( 1 2 ) , there exist s 2 ∈Ŝ 2 and s 4 ∈Ŝ 4 such that s 4 is adjacent to s 2 . But now {s 1 , ..., s 5 } induces a copy of C 5 in T and the ordering (s 1 , ..., s 5 ) is a cyclic ordering.
We will now prove 1.5 which we restate below:
5.2
The tournament C 5 satisfies the Erdős-Hajnal Conjecture. Proof. Assume otherwise. Taking > 0 small enough, we may assume that there exists a C 5 -free -critical tournament T . By 2.11 T contains a (c, λ, w)-structure (S 1 , ..., S 5 ) for some c > 0, λ = contradiction. Therefore we may assume that either t 1 is adjacent to x j , or y j is adjacent to t 3 . Write E i = S i,x j ∩ S i,t 1 ∩ S i,t 3 ∩ S i,y j for i ∈ {2, 4}. From the fact that x j , y j , t 1 , t 3 are M -good with respect to (S 1 , ..., S 5 ) it follows that |E i | ≥ (1 − 4M λ)|S i | ≥ 
Small tournaments
Our goal in this section is to prove 1.6. First, we need some definitions. A tournament S is a celebrity if there exists a constant c(S), with 0 < c(S) ≤ 1, such that every S-free tournament T satisfies tr(T ) ≥ c(S)|T |. Celebrities were fully characterized in [3] . Let We need the following result from [3] .
6.1 Every tournament on at most 5 vertices, except C 5 , G 1 , G 2 , is a celebrity.
We are ready to prove 1.6, which we restate.
6.2 Every tournament on at most 5 vertices satisfies the Erdős-Hajnal Conjecture.
